























































































2 Edge Connected Multisubgraph Problem CZECM

Given Undirected complete graph G IT
E on n vertices

Metric costs co E Rt
Goal find a 2 e c spanning multisubgraph

H V F of minimum cost

H Ece
ee f

G Hz
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Some Remarks
2ECM is NP hard

Traveling Salesman Problem TSP
even
degree

2ECM t Eulerian Property at vertices

Strict version 2ECS
Given G CV E nonnegative costs c EHR

find a 2 edge connected spanning usually
subgraph of minimum cost techniques

are diff of resultsincomparabl

Integer linear Program for 2ECM
min Scene gustoml 2eight

EEE
1P s.t ucsc 32 f 0 ESET

Ne ZO t e EE of copies
2ECM LP

neg of e to
include in

Subtour LP NS 1 2 t VEV one son

Parsimonious property Goemans
Beetsimas 393



Subtour fractional 2ECM Polytope

Do x EIRE n SCH 2 f vet
HSCs 22 to ESET

LP OPT min En a EP
LP OPT EOPTzecm E OPTyp E Zz LP OPT

Integrality E Wolsey 80
gap TECM

E HspE 3 2
Recently Kaelin Klein and Oveis Gharan

announced

a 3
2
1036 approximation for Tsp w rt integer

opt

Half Integral Instances

An instance I c for which 2ECMl.pl CSubtour LP
is optimized by ns.t 2me is integral te EE

conjecture Schalekamp Williamson Van Zuylen 14

Integrality gap of Subtow LP is attained on

half integral instances
9

forTSP



what's known for such instances

Carr Ravi 198 LP OPTS OPTzecm Eff LP OPT
constructive but not polytime

HI
E 43EM

KKO 20 LP OPTEOPTTSPE Z 0.00007LPOPT

randomized apx algo
HI

3 Tsp L 3 2

Our Main Result
Theorem 1 Boyd et al 20

Let u be an optimal half integral
solution to an instance G c of 2ECM
In OCR time we can compute a

2 e c spanning multi subgraph of G with
cost at most 143 En



why consider such instances

Proposition Carr Vempala 04
Integrality gap of ECM LP s x

II
For any integer422 any 2k regular 2k e c multigraph
G N E the uniform vector E XE dominates a
convex combination of incidence vectors of
2 e c spanning multisubgraphs of Gcoordinate

wise 3

Graph induced by E integral NEP
Define G V E where V is T and
E has exactly 2see copies of edge EEE

nC8CvD 2 A VET G is 4 regular
n SCS 22 toes G is 4 e c

Thin 2 Carr Ravi Let G N E be 4reg 4 e c multigraph
and EEE There exists a finite collection Hs Hr
of 2 e c spanning subgraphs of G e at for some
M1 Mr 70 µ L we have

3 XEke3 µ y
H XE

Mi

E I



Proof Strategy of Carr Ravi
Given 4 reg 4 ee multigeaph GEV E
Arbitrary edge e E E
Goal Express 43 XE

e
as a convex comb

of 2 e c subgraphs of G
They give an inductive proof w two cases

case 1fee.nfgngthftvioutJCase2CnotcaseD

oE.oO s fitting
s 2 e

Case 1 from Carr Ravi
G s us 1801 4

Tontract contra Gz
e g ee

s s
s

s vis
n43 Glue

Convex comb It convex comb

for 2gyetGd e for XEfGd
9 Convex comb

mass in SCH for Zz XE e mass in
L 867 2



Case 2 from Carr Ravi
G has no non trivial tight cuts se

Apply two distinct splitting off operations
n 1 vertices

G Va Es GENZ E
convex comb convex comb convex comb
2 3 XE e

2 3 XE e 2gXEzezon

lift comb.esimpeLltft comb Lto G average to G

Our simplifications of Carr Ravi's Proof
Get rid of the gluing step Cunify analysis
Handle all cases by an extension of Lovoisz's
splitting off theorem due to Bang Jensen
Grabow Jordan and Szigeti
Theorem3 Boyd et al Let G N E be 4 reg 4 e c
multigraph and EEE Let c E R be arbitrary
Then in 0 NH time we can find 2 e c spanning
subgraph H of G e satisfying CCHIE2349 e



Preliminaries splitting off operation
Defn 4 Splitting off Given multigraph G two edges

SV and ut the graph Get obtained by
splitting off sunt at v is G st su ut

G Thittoffu Gst

Def 5 Complete splitting at v Given G and
vertex v w even degree a complete splitting
at v is a sequence of degak splitting off
operations Cat v at the end deg to

delete

Prelims Admissible pair
du n y size of a minimum cmy cut in H

Def 6 Admissible pair
Let k 22 be an integer Let G Vtv E be

a multigraph s t H n y EV daca y 3k
Let e su and it be two edges incident to v
The pair Sv Vt is admissible if
t n y EV has.tk y Z k

For any e EScu Ae f e same et is
admissible



Extension of Loveisz's splitting off theorem
Lemma 7 Bang Jensen et al 993
Let k be even Let G Vtv E s t t x y EV

Ageny 2k Let degfu be even

Then I Auv 13 deg 12 for any uv CScv

Lemma 8 let G be 4 reg 4 e c and earnests
Then e l Ael 329
Ci if Ce f is admissible for some f Vy CScv
then the remaining two edges in Slyke 53

are admissible

Simpler proof of Carr Ravi's result

Goal Show that t 4 reg 4 e c G YE and EEE
F 2 e c Subgraphs Hs He and convex co eff

µ ur s t 3XE
e µeXHE

Proof By induction e

Base case n 2 u q
h

Observe
2gXE

e

g XEf.gl XEfihZXG.bg



Inductive step
General case G is 4 reg 4 e c and EEE designated

edge1h23 four subcases

ea e.g
n y z n Y u y Z

a y
Hel 2or3 LNwhoa assume Ae unityVa Vy CAre

Two distinct complete splittings at v
e _uv vx then Cyr uz OR e uv vy then Xv v

Two branches
split off Cesar vx Cyr vz Split off Ce uyvy G xv vz

Vz V v U U Vz V V

EE El SN a ez EE EISAuxty't n z uytXZ
UX x y z Y ez Uy

Apply induction on Geo w designated edge ee

convexComb Gz Convexcomb Gz
2
3
5 4

23XE SH 1ft XEzez XE Sastaz

EmiXH µ Xtci



Lift Operation
convexcomb Gi

GNE e split Vz V v u
zzXESalty't

Ez Elsa ee
then tuxtyz

n y z YHVH es UX x y z MiXH

Lift each Hof to a 2 e c subgraph of G
23 43

I HE YZ ivy.ptAy if
yo.twECtfI

H Vy VX
yoga

zg ofS mix
i

zxetz I X Yikes

finishing the proof of Theorem 2
first branch gives mix zxEetz It X
By symmetry second mix zxEetzfxx.ITbranch gives

Averaging the above two combinations

I Em X t Iz fmoXti zxE
e

C



Algorithmic version theorem 3
Recall Thin 3 Boyd et al Let G N E be 4 reg 4 ec

multigraphand EEE Let c E R bearbitrary
Then in 01144 time we can find 2e c spanning
subgraph H of G e satisfying CCHIE3CCGe

Proof Induction Recursion
Choose the two cheapest

Basne Ease a green edges m Ifed Id
General case Recuse on the cheaper branch
nZ3 Compute Ae in Ocu time FEELINU
e v WLOG VX CAe is the most expensiveedge
Roz and Vy CAelEvx be any other edge

Proof of Theorem 3 contd
Then perform

choose u u
G VE e split Guvvx Cyyuz

VX Vy CAe v Luvvx e
thenw 4 3 Cry n y z YHVH x y z

To recurse on the instance w n 1 vertices

we need to assign some cost to yz
Let Ha be the recursive 2 e c subgraph
satisfying c A E 2gc G tuxtyz UX

2gCCG e 3 Cnt cry Cuz t _Cyz
r



in

finishing the proof of Theorem 3

G YE e split a Gcwu cyyuz
F is a 2 e c

Luvvx e subgraph
w low

n y z YHVH x y z cost

Hurdle The left of it depends on yz
E'ECHT

or a

H o H YZ Vytvz if yzEE H
I Vy VX o w

So how can we control the cost in
both cases both cases

Define Cyz Cuz Cux increase in cost
Cyzco is possible cv tCvy
Hence
c H CCA tfcvxtc.mg
E CCG e 3 Cnt cry Cuz t Cyz

Cux Cry
CCG e Cry Cvx E 3CCG e1
by our 9 2 Cry

choice



413 approximation for 2ECM on

half integral instances

Proof of Theorem I Eniffaneae head infested

Let x be an optimal 42integral Sol to CZECMLP

Construct G CV E where V T and
HEEE E has 2seecopies of e

Overload the same cost function onto E
Note G is 4 regular 4 e c

ApplyTheorem 3 to G c w an arbitrary
designated edge EEE We get a 2 e c

spanning subgraph H of G s t

CCH E 213 CCG e

Since G is induced from 2n
c G e s c G e 2 Ex

H is a 413 approximate solution
Be



Conclusion
Let x denote the integrality gap of CZECM LP2ECM
Asp Subtow LP

We saw a simpler proof of Carr Ravi's result
HI

s 4 3ECM

We gave a matching approximation algo
for 2ECM on half integral instances

Question 19 Efficient algo for finding the
convex combination

Use CarrolVempala's Meta Rounding algorithm
Alexander Boyd and Elliot Magwood
showed Rzecm on half triangle pts 3 615
Boyd and Legault showed

HT constructive
2ECM E 6 5

polyhome
not known

HI HI
Question2 95 E Azeem E 143 E Hsp

J ri
tight st.it gap

Question 3 IS Nzecm Asp
Thank You
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